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ABSTRACT
It has been shown recently that the toroidally compactied type IIB string eective ac-
tion possesses an SL(2, R) invariance. Using this symmetry we construct an innite family
of macroscopic string-like solutions permuted by SL(2, Z) group for type II superstrings
in 4  D < 10. These solutions, which formally look very similar to the corresponding
solutions in D = 10, are characterized by two relatively prime integers corresponding to
the ‘electric’ charges associated with the two antisymmetric tensor elds of the strings.
Stability of these solutions is discussed briefly in the light of charge conservation and the
tension gap equation.
E-mail address: roy@tnp.saha.ernet.in
It is well-known that the equations of motion of type IIB supergravity theory are
invariant under an SL(2, R) group known as the supergravity duality group [1]. A discrete
subgroup of this group has been conjectured to be the exact symmetry of the full quantum
type IIB string theory [2]. As the string theory coupling constant transforms non-trivially
under this SL(2, R) transformation [3,4,5], this symmetry is non-perturbative. So, in
general it is not possible to prove this conjecture in the perturbative framework of string
theory. A strong evidence in favor of this conjecture has been given by Schwarz [4] when
he showed that certain BPS saturated macroscopic string-like solutions of type IIB string
theory form an SL(2, Z) multiplet. These solutions, when characterized by two relatively
prime integers corresponding to the charges associated with the two antisymmetric gauge
elds (from NS-NS and R-R sectors), are stable and do not decay further into strings with
lower charges [6]. The tensions as well as the charges associated with the strings have
been shown to be given by SL(2, Z) covariant expressions.
It has been shown recently at the level of low energy eective action that this SL(2, R)
invariance of the type IIB theory survives the toroidal compactication [7,8]. In fact, this
is not surprising since a symmetry in a higher dimensional theory should become a part
of the bigger symmetry in the lower dimensional theory, although in this case, it requires
quite non-trivial calculation to prove the invariance. So, eventhough SL(2, R) remains a
symmetry group of type II theory in D < 10, the whole symmetry group, known as the U-
duality group [1,2] (E9, E8, E7, E6, SO(5, 5), SL(5), SL(3)  SL(2), SL(2)  SO(1, 1) for
D = 2; 3; 4; 5; 6; 7; 8; 9 respectively) is much bigger and contains both the T-duality group
[9] (O(10−D,10−D) in D-dimensions) and the S-duality group [10,11] (SL(2, R)) as the
subgroup. In this paper, we will make use of the SL(2, R) invariance of type II theory in
D-dimensions for 4  D < 10, to construct the SL(2, Z) multiplets of macroscopic string-
like solutions. Since in ten dimensions an SL(2, Z) multiplet of string-like solutions in type
IIB theory has already been shown to exist by Schwarz, it is not dicult to understand
that such solutions should also exist in 4  D < 10 by direct dimensional reduction. For
D  8 there must exist more string-like solutions which should form multiplets of bigger
symmetry group of type II theory. Since we are not restricting ourselves to any particular
space-time dimensionality, we construct the multiplets of string-like solutions belonging
to only a subgroup of this bigger symmetry group. Note that unlike the T-duality group,
the SL(2, R) symmetry remains the symmetry group of type II string theory in any
D < 10. Moreover, since the T-duality group and the S-duality group act dierently on
1
the background elds, they do not commute with each other and therefore it is quite non-
trivial to see how they combine to form the bigger symmetry group, namely, the U-duality
group. For exapmle, in six dimensions it has been shown by Sen and Vafa [12] how the
complete U-duality group SO(5,5; Z) arise as a consequence of the T-duality symmetry
O(4,4; Z) and the SL(2, Z) symmetry in type II theory. The transformation rules for the
various background elds have also been obtained by non-trivial manipulations. But it
should be emphasized that there is no general rule to nd the U-duality symmetry and
therefore we consider the non-perturbative subgroup of this bigger symmetry group. As
in the ten dimensional case the string-like solutions constructed in this paper form SL(2,
Z) multiplets as their charges as well as the tensions are found to be given by SL(2, Z)
covariant expressions. Since these string states are BPS saturated, this gives a strong
evidence that the compactied theories also possess an exact SL(2, Z) invariance. The
solutions constructed here will be characterized, as their counterpart in ten dimensions,
by two relatively prime integers and will be shown to form a stable spectrum as they are
prevented from decaying into other states by the charge conservation and the tension gap
relation.



















where G = (detG), G being the string metric, R is the scalar curvature associated
with G ,  is the dilaton and H
(1)
 is the eld strength associated with the Kalb-Ramond
antisymmetric tensor eld B(1) . These are the massless modes which couple to any string




























Here R now represents the scalar curvature associated with the canonical metric g . The
above D-dimensional action is precisely the one studied by Dabholkar et. al. [13] to con-
struct the macroscopic string-like solutions. (We will show later that the D-dimensional
type II action reduces to the action (3) in a particular limit.) Note that we have not
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rescaled the dilaton as done in ref.[13]. The solution is given by the following metric and











Here i; j = 2; : : : ; D − 1. A is a function (whose explicit form is given below) of radial
coordinate r only, where, r2  ijxixj . It is clear from (4) that the string is aligned to x1.




−1 = e2 (5)
It should be noted that the expression (5) is formally independent of the dimensionality
of the theory and this is the reason for the formal similarity of the string-like solutions
in D = 10 and D < 10 as we will see later. Of course, the information about the





for D > 4
1− Q
2
log r for D = 4
(6)
Here Q is the ‘electric’ charge associated with the antisymmetric tensor eld B(1) carried







Here  denotes the Hodge dual in terms of the canonical metric and the integral is to be
evaluated over (D − 3)-dimensional unit sphere SD−3 surrounding the string. Also ΩD−3








Recall that in ref.[13], the eld equations and their solution (6) were obtained by
















where T is the string tension and γ is the world-sheet metric. So, the D-dimensional
string-like solution in (4) is not ‘solitonic’ in the strict sense as the metric shows a curvature
singularity at r = 0 and also the eld equation r2A has a delta function singularity at
that point [11]. By evaluating the ‘electric’ charge explicitly using Eq.(7) we can derive
the relation between the charge and string tension as Q = 22T . We would like to point
out that the supergravity action (3) has a manifestly SL(2, R) invariance by which the
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elds in (3) can be rotated to convert the action to the D-dimensional type II action
including the R-R terms. Since we have already obtained the toroidal compactication of
type IIB theory in ref.[8], we will show how starting from D-dimensional type II action
we can obtain the action (3) of Dabholkar et. al.
It is well-known that the equations of motion of type IIB supergravity theory can not
be obtained from a covariant action [14] because of the presence of a four-form gauge eld
with the self-dual eld strength in the spectrum. This gauge eld couples to a self-dual
three-brane which can give rise to string solution in D  8. But, we are not going to
consider this type of string solution and set the corresponding eld-strength F5 to zero.
There are also magnetically charged string solution for type II theory in D  6, but since
we are not restricting ourselves to any particular dimensionality we will not consider those
kinds of solutions also. Now as we set F5 = 0, the type IIB equations of motion can be



































H^(2) ^^^ + ^H^(1) ^^^

(9)








(2) = dB^(2)) represent the massless modes in the R-R sector. We have























































































Here ; ; : : : = 0; 1; : : : ; D − 1 are the space-time indices and m;n; : : : = D; : : : ; 9 are the internal
indices. The ten dimensional objects are denoted with a ‘hat’. Note that we are using slightly dierent
notation than in ref.[8].
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Gm = G^m = A
(3)n
 Gmn









log ; where 2 = (detGmn) (12)













































where F (i) m = @A
(i)

















m + cyc: in  (17)
The reduced action (10) was shown in ref.[8] to have an SL(2, R) invariance which can
be better understood by rewriting the action in the Einstein frame. The metric in the
Einstein frame is related with the string metric as given in Eq.(2). Using this, the action































































































where we have dened ~ =  + 1
2
log . Also, Gmn = e
4











































































The superscript ‘T ’ denotes the tranpose of a matrix. The action (20) is invariant under
the following global SL(2, R) transformation:
MD ! MD











 B ! (
−1)TB










is the SL(2,R) transformation matrix and a; b; c; d are constants




mn = 0, then




























This action is SL(2, R) invariant under the transformation (21). Note that both gmn and
 are SL(2, R) invariant. Also, MD in (21) is as given in (19) with ~ replaced by ,
the D-dimensional dilaton as  = 1 in this case. Note also that although we have set
Gmn = mn and  = 1, but as they are not SL(2, R) invariant, non-trivial values of
Gmn and  will be generated through SL(2, R) transformation. It can be easily checked
that the SL(2, R) invariant action (22) gets precisely converted to the eective action (3)
considered by Dabholkar et. al. by setting the R-R elds to zero. Thus, we note that the
action (3) is a special case of the more general type II action (22) and so the solution (6)
is a particular case of a general solution that we are going to construct.
Our strategy to construct the string-like solution for type II theory in D-dimensions is
to start with the action (3) and the solution (4){(6) and then use the SL(2, R) symmetry
to rotate the solution corresponding to the full type II theory. Since the starting solution
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has only B(1) eld and the corresponding charge, the nal solution will have both the elds
B(1) and B
(2)
 and their charges. In order to describe the complete string solution we also
have to specify the asymptotic values of both  and  as r!1. Under the transformation




















We rst construct the solution corresponding to the simplest choice of 0 = i (i.e. for
0 = 0 = 0) as in ref.[4]. Here subscript ‘0’ represents the asymptotic value. We




2Q. From the relation










, where A(q1;q2) is as given in (6)
with Q replaced by (q1;q2), we can easily calculate the ‘electric’ charges associated with
























where q1 and q2 are integers. With this , B
(i)
































Note that the solution formally has the same form as the ten dimensional solution [4].
Asymptotically for D > 4 as r ! 1, A(q1;q2) ! 1 and so,  ! i. Note from Eqs.(4)
and (6), that the metric has a nice asymptotic limit for D > 4, but for D = 4 the metric
has logarithmic divergence. However, it was shown in ref.[13] that one can still write
the metric in a \weak-eld" type expansion and calculate the total energy density in
the ambient space. It was found that the energy density outside the string core (r = 0)
vanishes reflecting the fact that eectively the function A(q1;q2) tends to one as we go away
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from the string core. It should be mentioned that although originally  = 0, a non-trivial
 is generated through SL(2, R) transformation as can be seen from (27). Similarly,
although we started with a trivial internal metric Gmn = mn and  = 1, a non-trivial





















In deriving (28) we have used the transformation rule of e− obtained in (27) and the fact
that gmn = e
− 4
D−2Gmn is invariant under SL(2, R) transformation.
We next generalize the construction for arbitrary vacuum modulus 0. So, we start
with an arbitrary value of the charge (q1;q2) = 
1=2
(q1;q2)
Q in (6) and choose,






cos  − sin 




e−0 cos  + 0 sin  −e−0 sin  + 0 cos 
sin  cos 
!
e0=2 (29)
Note that 2 is the most general SL(2, R) matrix which preserves the vacuum modulus
0 = i and 1 is the SL(2, R) matrix which transforms it to an arbitrary value  = 0.
We point out that the charge quantization condition in the previous case xed the value
of cos  and sin  to have the particular form given in (25). In the present case as the
matrix  is dierent, charge quantization condition will yield dierent values of cos  and


















By demanding that the charges be quantized, we get from (30),








where q1 and q2 are integers. Using cos
2  + sin2  = 1 we obtain from (31), the value of
(q1;q2) to be
(q1;q2) = e

















e0 . The important point to note here is that the
expression for (q1;q2) is SL(2, R) covariant
y and so is the charge as well as the tension










under SL(2, R) transformation. With the value of sin  and cos  in (31) the transformed





































It can be checked that both sides of (34) has the right transformation property under
SL(2, R). Using (31),  can be calculated as follows:
 =
q10 − q2j0j2 + iq1e−0A
1=2
(q1;q2)






































Note that the generation of non-trivial  is consistent with the SL(2, R) invariance of
type II string eective action because the matrixMD in Eq.(19) constructed to show the
invariance in fact involves ~ = + 1
2
log .
So, starting from the macroscopic string-like solution of Dabholkar et. al. [13] in any
D < 10, we have been able to construct the SL(2, Z) multiplets of string-like solutions
yAs these string states are BPS saturated, their tensions will not be renormalized and thus the SL(2,
Z) covariant formula of string tension gives a strong evidence for the conjectured SL(2, Z) invariance in
the theory.
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of type II string theory given by the metric in Eq.(4) and other eld congurations in
Eqs.(33){ (36). This generalizes the construction of SL(2, Z) multiplets of string solutions
in D = 10 by Schwarz [4] to any D < 10. Although formally the expressions (33){(35) look
identical to the ten dimensional solutions of Schwarz, but they are completely dierent.
This is because the function A(q1;q2) is totally dierent for dierent D as can be seen
from Eq.(6). The solutions as we have seen are characterized by two integers (q1; q2)





Let us now discuss the stability of these solutions [6]. We have mentioned earlier














e−0q22 + (q1 − q20)
2
e0T (38)
Using (37) and (38), it is easy to check that when  = 0, ((p1;p2)+(q1;q2))
2  2(p1+q1;p2+q2)
and similarly, (T(p1;p2)+T(q1;q2))
2  T 2(p1+q1;p2+q2). Since both (q1;q2) and T(q1;q2) are positive
real numbers, we conclude,
(p1;p2) + (q1;q2)  (p1+q1;p2+q2) (39)
T(p1;p2) + T(q1;q2)  T(p1+q1;p2+q2) (40)
The equality holds when p1q2 = p2q1 or in other words when p1 = nq1 and p2 = nq2
with n being an integer. So, when q1; q2 are relatively prime, the inequality prevents the
string from decaying into multiple string states, as this conguration is energetically more
favorable than others. Eq.(40) is what we have called the tension gap equation. Also,
from (39) we note that when q1, q2 are relatively prime, the charge conservation can not
be satised if the string breaks up into multiple strings. Thus the conguration (q1; q2),
with q1 and q2 relatively prime, is perfectly stable and denotes a bound state conguration
[15] of q1 fundamental strings with q2 D-strings [16].
To conclude, we have constructed in this paper the SL(2, Z) multiplets of macroscopic
string-like solutions of type II theory in any D < 10. This construction is made possible
by a recent observation of the SL(2, R) invariance of toroidally compactied type IIB
string eective action. This generalizes the construction of SL(2, Z) multiplets of string-
like solutions of type IIB string theory in D = 10 by Schwarz. Our solutions have formal
similarity with the solutions in D = 10, but they are totally dierent as they involve
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dimensionally dependent functions. The string-like solutions in D < 10 are also charac-
terized by two relatively prime integers, as their counterpart in D = 10, corresponding to
the charges of two antisymmetric tensor elds in the theory. We have also discussed in
brief the stability of the solutions from the charge conservation and tension gap relation.
As we have mentioned earlier, there are more string-like solutions not only with elec-
tric charge but also with magnetic charge in type II theories in lower dimensions which
should form multiplets of bigger symmetry group, the U-duality group. Apart from the
string-like solutions, there are also other p-brane solutions in these theories which deserve
a systematic study to properly identify the complete U-duality group. This will provide
strong evidence for the conjecture of the U-duality symmetries in those theories.
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